Using the convex model approach, the bounds of uncertain variables are only required rather than the precise probability distributions, based on which it can be made possible to conduct the reliability analysis for many complex engineering problems with limited information. In this paper, three types of convex model including interval, ellipsoid, and multiellipsoid convex uncertainty model are investigated, and a uniform model of nonprobabilistic reliability analysis is built. In the reliability analysis process, an effective space-filling design is introduced to generate representative samples of uncertainty space so as to reduce the computational cost and provide an accurate depiction of possible model outcome. Finally, Spearman's rank correlation coefficient is used to perform parameters global sensitivity analysis. Three numerical examples are investigated to demonstrate the feasibility and accuracy of the presented method.
Introduction
In practical engineering problems, uncertainty is often unavoidable due to the lack of knowledge, assumptions made by model builders, variations of physical properties of materials, geometric dimensions, and operating environments and other reasons. Therefore, these uncertainties involved in structure should be taken into account for a proper design process [1] . With the ever-increasing demands of structure security, the structural reliability analysis has received considerable attention in the last decades and is becoming increasingly important in the structural design [2] .
The aim of reliability analysis is to assess the probability of structural survival or the probability of structural failure when the uncertainties involved in the structures are take into account [3] . In the area of reliability analysis, probability model is one of the most commonly used uncertainty models, in which the uncertainties involved in structures are described as random variables. This reliability model has been intensively studied in the last decades and a variety of important analysis techniques have been established, such as the first order reliability method (FORM) [4, 5] , second order reliability method (SORM) [6, 7] , Monte-Carlo method (MC) [8] , and system reliability method [9, 10] .
It is important to point out that the aforementioned reliability method requires precise probabilistic distribution characteristics, which come from a large number of input samples. However, in real world engineering design problems, probabilistic reliability model is often hindered due to the lack of samples information. For instance, in the conceptual design stage of structures, it is difficult to provide sufficient experimental samples to describe the distribution of uncertainty input variables [11] . As revealed by Ben-Haim [12] and Elishakoff [13] , probabilistic reliability model is very sensitive to small inaccuracy of input quantities, which means that misleading results may be yield due to the unjustified assumption in constructing a probabilistic model. This challenge thus raised the interest of the alternative nonprobabilistic approach for uncertainty description, namely, the set theory-based convex model [14] [15] [16] [17] [18] . At present, interval, ellipsoid, and multiellipsoid convex model are three widely studied convex models [19] . Based on interval model, Guo et al. [20] proposed a robust reliability index to estimate structural nonprobability reliability and 2 Mathematical Problems in Engineering presented three solution methods of the reliability index. Tao et al. [21] proposed a semianalytic method to solve the nonprobabilistic reliability index. Chen et al. [22] suggested an enhanced semianalytic method based on monotonicity analysis. Qiu and Elishakoff studied the structural optimal design method using the interval set model [23, 24] . With multiellipsoid convex model, Kang et al. [25] and Luo et al. [26] constructed a nonprobabilistic reliability optimization design method.
This paper aims to develop a practical nonprobability reliability global sensitivity analysis technique based on optimal Latin hypercube sampling (OLHS) and Monte Carlo simulation. The method proposed in this paper has wider applicability. It can be used in solving more general problems with interval model, ellipsoid model, or multiellipsoid convex model. The proposed method has some very attractive advantages, such as the following: its analysis process is simple, computational cost is regardless with variables dimension and the nonlinear degree of the performance function. Hence it is particularly suitable for implementing the nonprobabilistic reliability analysis for some complicated structure.
This paper is organized as follows. Firstly, three uncertain information description methods, including interval model, ellipsoid model, and multiellipsoid convex model, are introduced. The nonprobabilistic reliability model and its physical meaning are then discussed in detail in Section 3. Based on OLHS, a Monte Carlo simulation and global sensitivity analysis method for structural nonprobabilistic reliability is proposed in Section 4. The feasibility and accuracy of the presented method are demonstrated through three numerical examples in Section 5. Conclusions are given in Section 6.
The Description of Structural Uncertainty with Convex Model
In this paper, three types of ellipsoid-bound convex models, including interval model, ellipsoid model, and multiellipsoid convex model, are introduced for the description of uncertainty variables [14, 27] .
(1) In interval uncertainty model, an uncertain variable can be described by an interval set, which can be expressed as
where variable ∈ belongs to a bounded closed interval, denotes the lower bound of interval variable, stands for the upper bound of interval variable, and ≤ . For easy expression, the variable can also be expressed by
where denotes a dimensionless variable and denotes the nominal value of the uncertain variable; it can be expressed by
(2) In ellipsoid uncertain model, the uncertain variables are assumed to fall into a multidimensional (hyper-) ellipsoid. The uncertainty domain can be expressed by
where W is the characteristic matrix of the ellipsoid and is real number standing for the magnitude of the parameter variability.
(3) In multiellipsoid uncertain model, the uncertain variables are assumed to fall into several ellipsoid sets. Supposing ellipsoid sets are employed, the vector of the grouped uncertain variables can be expressed by
where each group of variables is bounded by an ellipsoid set as follows:
where denotes the dimensionless vector of x , W denotes the characteristic matrix of the th ellipsoid, and ( = 1, 2, . . . , ) are real numbers.
For illustrative purpose, we provide a problem with three uncertain variables. Its dimensionless vector is expressed by = { 1 , 2 , 3 } . We describe it with interval model, ellipsoid model, and multiellipsoid convex model, respectively.
(a) Interval model:
(b) Single-ellipsoid model:
(c) Multiellipsoid uncertain model:
The above three types of convex model are schematically shown in Figures 1(a)-1(c) .
A Reliability Model with Convex Uncertainty
During the reference review, we found that Jiang et al. [28] proposed a desirable structural nonprobabilistic reliability model, in which reliability is defined as a ratio of the multidimensional volume falling into the reliability domain to the one of whole convex model. This reliability model has a very intuitional and easily understandable mathematical form and can be used to deal with some complex engineering problems. In this reference, ellipsoid convex model is intensively discussed, while, in this paper, this reliability model will be expanded to interval model, ellipsoid model, and multiellipsoid convex model, which will be able to deal with more general convex model problems. Assume a structural performance function is expressed by
where x stands for an -dimensional vector of input parameters. Firstly, a two-dimensional problem is considered. As shown in Figure 2 From Figure 2 , the whole uncertainty domain is divided into two regions by the failure surface. One is in the reliability region, which is denoted by (x) ≥ 0. The other one is in the failure region, which is denoted by (x) < 0. The reliability can be evaluated as follows:
where stands for the region of the whole convex model, 1 stands for the failure region, and − 1 stands for the reliability region.
When a three-dimensional problem is taken into account, the domain of whole convex model will extend to corresponding volumes as shown in Figure 3 .
The definition of the nonprobabilistic reliability formulated by (11) can easily be extended to an -dimensional problem, in which the domain will become a multidimensional volume. The value of is in the range of [0, 1], which can well describe the safety extent of a structure. Correspondingly, the dangerous degree can be expressed by
Obviously, we can find that the relationship of dangerous degree with reliability can be expressed by
Reliability and Variables Global Sensitivity Solution Method Based on Optimal Latin Hypercube Sampling
It should be pointed out that the reliability model mentioned above is based on areas or volumes. However, the magnitude of reliability domain in the whole uncertainty domain is difficult to be computed analytically for some complex engineering problems. Thus, a Monte Carlo simulation method has been developed in [28] to deal with this problem. However, the Monte Carlo simulation present in this reference can not assure the samples are uniformly scattered in the uncertainty space. Hence the number of samples falling into reliability domain can not effectively represent the magnitude of reliability domain. The precision of analysis result can not be ensured even though a lot of samples are used.
In this study, we approached the problem by a spacefilling design of computer experiment. This method is proposed by Jin et al. [29] and named as optimal Latin hypercube sampling (OLHS). Because OLHS can evenly spread out sample points over the entire design space, people also named it as space-filling design [30] . After samples of structural uncertainty variables are generated readily by the OLHS in Section 4.1, an efficient nonprobabilistic reliability and global sensitivity analysis method will be proposed in Sections 4.2 and 4.3, respectively.
Generate the Samples of Convex Model Uncertainty
Variables Based on Uniform Design. When the uncertain variables are defined as (tolerances) intervals with given lower and upper bounds, failure analysis methods are needed to consider the complete range of uncertain domain. Theoretically, every point within the interval has some unknown probability of occurrence. Therefore, all the possible combinations of these uncertain intervals must be considered in the analysis.
In this section, we will use optimal Latin hypercube sampling (OLHS) to solve structural nonprobabilistic reliability index. OLHS is one of the space-filling designs and it seeks experimental points to be uniformly scattered in the experimental domain, which is proposed by Jin et al. [29, 30] .
OLHS has several advantages. It can explore relationships between the response and the factors with a reasonable number of runs and is shown to be robust to the situation where little knowledge is known about the function to be modeled. In the past decade, it has been successfully applied in industry, system engineering, pharmaceutics, and natural sciences. Its practical success is due to its economical and flexible experimental runs to study many factors with high levels simultaneously.
In order to verify the space-filling capability of OLHS, a graphical comparison of Monte Carlo sampling (MCS), Halton sequence, Latin square sampling (LHS), Maximin Latin hypercube sampling (Maximin LHS), and Optimal Latin hypercube (Optimal LHS) for two independent variables is presented in Figure 4 .
As shown in Figure 4 , among these sampling methods, the OLHS method has been shown to be capable of spacefilling uniformity. It can uniformly scatter samples in the 2D space and obviously is better than the other methods in terms of space-filling capability. Hence, in this paper, OLHS will be introduced to solve the nonprobabilistic index. Concerning how to carry out the optimal Latin hypercube sampling, this content is discussed detailedly in [25] . So we will not repeat it in this paper.
Consider that a structure contains variables that can be realized times. The samples of input variables can be arranged as an input matrix with row and columns. Using OLHS to generate × uniform numbers in [0 1], arrange these values into a × matrix, which has the smallest discrepancy and excellent space-filling capability. After the matrix × in [0, 1] has been generated, we will construct the sampling matrix × for three types of uncertainty convex model including interval model, ellipsoid model, and multiellipsoid convex model.
(1) Interval Model. For interval model, uncertain variables can be described by an interval set with upper and lower bounds ( Figure 5 ). The uncertain domain can be expressed by
where variable ∈ and belong to a bounded closed interval, is the lower bound of interval variable, is the upper bound of interval variable, and ≤ . Consider a computer model requiring variables that can be realized times. After a matrix × in [0, 1] has been generated, we will construct the sampling matrix by * = − * ( − ) ,
where * is the sample of interval variable and * is the sample of matrix × in [0, 1]. uncertain parameters as independent random variables and obtain samples by interval model at first. Then we substitute the samples into the ellipsoidal function and obtain a pile of samples X * e satisfying
By this treatment, we can get a pile of samples, which can be uniformly scattered in the -dimensional ellipsoidal convex model. This principle is shown in Figure 6 .
Similarly to ellipsoid convex model, we can make the uncertain parameters as independent random variables and obtain samples by interval model at first. Then we substitute the samples into the multiellipsoidal function and obtain a pile of samples X * me satisfying
By this treatment, we can get a pile of samples X * me , which can be uniformly scattered in the -dimensional multiellipsoidal convex model.
Reliability Solution Method of Convex Models Based on
Monte Carlo Simulation. In the process of reliability solution, we calculate the number of samples instead of the magnitude of failure region. The proposed reliability method can be outlined as follows.
Step 1. Consider a computer model containing variable; we first generate the input variables samples matrix by the method mentioned in Section 4.1. Suppose the number of generated samples is ; the samples of input variables can be viewed as an input matrix with row and columns, which has the smallest discrepancy and excellent space-filling capability.
Step 2. Sequentially substitute the samples into the performance function. Then we can obtain the number of samples satisfying the (x) = ( 1 , 2 , . . . , ) > 0. We denoted it by . Through this step, the samples falling into the reliability domain can be captured.
Step 3. Finally, calculate structural reliability through the equation = / .
Global Sensitivity Analysis Method of Convex Uncertainty Model.
Compared with the researches on solving nonprobabilistic reliability index, the nonprobabilistic reliability sensitivity analysis is less available. Sensitivity analysis can quantitatively assess the impact of inputs on the output, which can be used to identify significant inputs and thereby to help you to improve design toward a more reliable and better quality product.
In this paper, we will present a global sensitivities analysis approach, different from local sensitivities [31] . Local sensitivities are mostly only local gradient information. It usually calculates structural variables sensitivity by finite-differencing scheme. Local sensitivities cannot globally reflect the impact of the variability of inputs on the output. It also neglects the influence of interactions between inputs [32] . The global approach proposed in this paper cannot only consider the slope at a particular location, but also study the global variability of an output induced by inputs over the entire range of values of inputs. Hence it can provide an overall view on the influence of inputs on the outputs.
In this paper, OLHS and Spearman's rank correlation coefficient [33] will be introduced to quantitatively assess the influence of the inputs on the output performance function.
Suppose the samples of input variables are denoted by 1 , 2 , . . . , , and simulation results of output are denoted by 1 , 2 , . . . , . Then we can calculate Spearman's rank correlation coefficient as follows:
where is the rank of within the set of samples
is the rank of within the set of samples 1 , 2 , . . . , . denotes the average ranks of , and it can be calculated by = ∑ =1 / = ( + 1)/2. denotes the average ranks of , and it can be calculated by = ∑ =1 / = ( + 1)/2. Equation (18) can be rewritten in a simple manner as follows:
The range of the value is in the range of −1 to 1. Its magnitude stands for the extent of closeness between the input variable and output. A positive value will be obtained if the variables are directly positively related, while a negative value will be obtained if they are inversely related.
Consider a computer model containing variables. We generate samples by uniform design. Then the Monte Carlo simulation will be performed to obtain the sampling results of performance function, which can be denoted by { 1 , 2 , . . . , }. We can organize the input parameter and output parameter as follows: . (21) By performing nonparametric Spearman's rank correlation coefficient analysis, we can obtain the sensitivity information of variables about structural performance function. The advance of this method is that it does not increase the computation cost. After the reliability analysis is implemented, the sensitivity results can be obtained readily.
Engineering Examples and Discussion

Case Study 1.
In order to expound the analysis process of the proposed method easily, a simple finite element analysis (FEA) model is investigated. This model is a simple plate structure as shown in Figure 7 . Its length, width, and height are denoted by , , and , respectively. In this model, an external load denoted by is acted at the center of the upper surface, and four corners of the lower surface are fixed. Young's modulus of the plank is denoted by , and Poisson's ratio is 0.33. The uncertainties related to geometrical dimensions, material properties, and external loads can be described with interval model and are listed in Table 1 .
The FEA model of the plate structure is initially built with the mean value of variables, and structural response (maximum strain) is shown in Figure 8 .
Suppose the maximum strain of the plate is denoted by ( , , , , ) and the allowable strain of the plane is = 0.5 mm; we can define structural performance function as follows:
( , , , , ) = − ( , , , , ) .
To perform Monte Carlo analysis with 1000 samples generated by uniform design, the plane structural reliability can be readily obtained by = (1000 − 9)/1000 = 0.991. The sampling results of performance function are shown in Figure 9 .
To implement the sensitivity analysis by the method mentioned in Section 4.3, the bar chart of sensitivity results is shown in Figure 10 .
As shown in Figure 10 , the variable is a main factor that influences the magnitude of structural strain. Compared with other variables, Young's modulus has less impact on the magnitude of structural strain.
Case Study 2.
A practical 25-bar steel truss (Figure 11 ) is investigated, which is modified from [28] .
In this model, Young's modulus is 199949.2 MPa and Poisson's ratio is 0.3. Horizontal bars and the vertical bars have the same length denoted by . The cross-sectional area of bars (1)- (4) is 1 , the cross-sectional area of bars (16)- (25) is 2 , the cross-sectional area of bars (11)- (15) is 3 , and the cross-sectional area of bars (5)- (10) 10 are roller-supported, and joint 12 is hinge-supported. The vertical loads are denoted by 3 , 2 , and 1 and are acted at the joints 7, 9, and 10, respectively. A horizontal load is denoted by 4 and is acted at the joint 1. The horizontal displacement of joint 6 is denoted by , and its allowable maximum value is . The five inputs (cross-sectional area , = 1, 2, 3, 4, and the length ) in this example are treated as uncertain variables. The performance function of the structure can then be expressed as 
The uncertainty domain of the design problem can be represented as an ellipsoidal convex model: 
In this problem, the ANSYS software is used to solve to the horizontal displacement of joint 6. In order to observe the difference between interval model and ellipsoidal model for reliability analysis results, different values of the maximum allowable displacement are taken into account. We calculated the structural reliability with interval model and ellipsoidal model by Monte Carlo simulation with 1000 samples, respectively. The reliability analysis results are given in Figure 12 .
As shown in Figure 12 , with increasing of , the nonprobabilistic reliability also has an increasing trend. From Figure 12 , it is noted that interval model is more conservative than results of ellipsoidal model. Set the maximum allowable horizontal displacements = 22; perform sensitivity analysis with ellipsoidal model; the structural sensitivity can be obtained readily as shown in Figure 13 .
As shown in Figure 13 , increasing the value of crosssectional area , = 1, 2, 3, 4, will enhance the structural rigidity and increase the structural reliability, while increasing the input variable will decrease the structural reliability. This sensitivity analysis results are in accordance with the engineering practice.
Case Study 3.
An anti-ice piccolo structure is the core component part of a wing anti-ice system. It is close to aircraft engines, subject to random excitation generated by the engine. So there exists the potential possibility of structural resonances. In this paper, we take a part of anti-ice piccolo structure to perform the resonance reliability and variables sensitivity analysis. The finite element model (FEM) of antiice piccolo structure is shown in Figure 14 , which is built with ANSYS software. The local meth model is shown in Figure 15 . The uncertain parameters of piccolo are described with multiellipsoid convex model and are listed in Table 2 .
Firstly, we take the mean value of variables as input parameters. By mode analysis, the anterior four natural frequencies of anti-ice piccolo structure can be obtained. The anterior four mode frequencies are shown in Table 3 . The anterior four vibration modes are shown in Figure 16 .
As shown in Table 3 , the first natural frequency denoted by is close to external excitation frequency. According to the requirement of antiresonance design, the performance function of structural resonance failure can be expressed by
where is the external excitation frequency and is the first natural frequency. When | − | ≤ , the structure will cause resonance damage; when | − | > , structure is safe. In practical engineering, we usually set = 0.05 ; here = 60 Hz.
To perform Monte Carlo analysis with 365 samples generated by the method mentioned in Section 4.3, the sampling results of performance function are shown in Figure 17 .
As shown in Figure 17 , there are only 6 samples falling into the structural resonance failure; the pipeline structural reliability can be readily obtained by = 350/356 = 0.9863. To implement the sensitivity analysis by the method mentioned in Section 4.3, the bar chart of sensitivity analysis results is shown in Figure 18 . Figure 18 provides a graphical illustration of the impact of structural input variables on output. A positive sensitivity indicates that increasing the value of input variable will increase the structural reliability. Likewise, a negative sensitivity indicates that increasing the value of input variable will reduce the structural reliability.
Conclusions
In this paper, a practical nonprobability reliability and global sensitivity analysis method for interval, ellipsoid, and multiellipsoid convex uncertainty model is constructed. In order to provide an accurate depiction of possible model outcome, uniform design, an effective space-filling design, is used to generate representative samples for input variables. As the computation of reliability index proposed in this paper is based on Monte Carlo simulation, it is very suitable for more general engineering problem, like some problems with blackbox performance function.
The global sensitivities analysis method present in this paper is based on Spearman's rank correlation coefficient, which is different from local sensitivities analysis. The advance of this method is that it does not increase the computation cost. After the reliability analysis is implemented, the sensitivity results can be obtained readily. These examples demonstrated the feasibility of the presented method.
